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ou’’

- o g o i
u;’tji’j = 5;—]— (tjiu;') — f,jz'—a—:;; (540)

Thus, substituting Equations (5.37) through (5.40) into Equation (5.36), we
arrive at the Favre-averaged turbulence kinetic energy equation. In arriving
at the final result, we make use of the fact that the sum of the last terms on
the right-hand sides of Equations (5.37) and (5.38) vanish since their sum is
proportional to the two terms appearing in the instantaneous continuity equation.
Additionally, to facilitate comparison with the incompressible turbulence kinetic
energy equation [Equation (4.4)], we use the Favre-averaged continuity equation
to rewrite the unsteady and convective terms in non-conservation form. The
exact equation is as follows.

_0k __ Ok _ Ouy o’ 0
Pee Tl o — = Pﬂj?dz—,; - tjiaT; + o, tyiug — puj juiuy — p’ﬂf}']
P :
—oP  ou
Wy g (5.41)

YOz P oz
—— N——r

Pressure Work Pressure Dilatation

Comparing the mean energy Equation (5.31) with the turbulence kinetic en-
ergy Equation (5.41), we see that indeed the two terms ¢;;u; and pu;/ fuul on
the right-hand side of the mean-energy equation are Molecular Diffusion and
Turbulent Transport of turbulence kinetic energy. Inspection of the turbulence
kinetic energy equation also indicates that the Favre-averaged dissipation rate

is given by

ou’! 1 ou! O’ _____
ne — t % (I ._.t i —_— + J = t ig & /./- 5.42
Pe= i, T 2 "(fmj zm) 7% (542)

where silj is the fluctuating strain-rate tensor. This is entirely consistent with the
definition of dissipation for incompressible flows given in Equation (4.6).
Comparison of Equation (5.41) with the incompressible equation for £ [Equa-
tion (4.4)] shows that all except the last two terms, i.e., the Pressure Work and
Pressure-Dilatation terms, have analogs in the incompressible equation. Both
of these terms vanish in the limit of incompressible flow with zero density fluc-
tuations. The Pressure Work vanishes because the time average of v is zero
when density fluctuations are zero. The Pressure-Dilatation term vanishes be-
cause the fluctuating field has zero divergence for incompressible flow. Hence,
Equation (5.41) simplifies to Equation (4.4) for incompressible flow with zero

density fluctuations.
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P = pRT (5.51)

The quantities E and H are the total energy and total enthalpy, and include
the kinetic energy of the fluctuating turbulent field, viz.,

E=é+ b+, and  H=h+3ud+k (5.52)

5.4 Compressible-Flow Closure Approximations

As discussed in the preceding section, in addition to having variable mean den-
sity, 5, Equations (5.43) through (5.52) reflect effects of compressibility through
various correlations that are affected by fluctuating density. For all but stress-
transport models, diffusivity-type closure approximations must be postulated for
the mass-averaged Reynolds-stress tensor and heat-flux vector. Depending on the
type of turbulence model used, additional closure approximations may be needed
to close the system of equations defining the model.

This section briefly reviews some of the most commonly used closure ap-
proximations for compressible flows. Because of the paucity of measurements
compared to the incompressible case, and the additional complexities attending
compressible flows, far less is available to guide development of closure ap-
proximations suitable for a wide range of applications. As a result, modeling of
compressibility effects is in a continuing state of development as we approach
the end of the twentieth century. The closure approximations discussed in this,
and following, sections are those that have either stood the test of time or show
the greatest promise.

Before focusing upon specific closure approximations, it is worthwhile to
cite important guidelines that should be followed in devising compressible-flow
closure approximations. Adhering to the following items will lead to the simplest
and most elegant models.

1. All closure approximations should approach the proper limiting value for
Mach number and density fluctuations tending to zero.

5 All closure terms should be written in proper tensor form, e.g., not depen-
dent upon a specific geometrical configuration.

3. All closure approximations should be dimensionally consistent and invari-
ant under a Galilean transformation.

It should be obvious that Items 2 and 3 apply for incompressible flows as
well. In practice, Galilean invariance seems to be ignored more often than any
other item listed, especially for compressible flows. Such models should be
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where A and B are functions of ¢ and M, [see Equation (5.93) below], the

velocity is
*

1
— = "tnyT+C (5.4)
K

.
Equation (5.4) is the compressible law of the wall. Correlation of measurements
shows that x and C' are nearly the same as for incompressible boundary layers
[Bradshaw and Huang (1995)]. In principle, however, C is a function of M,
and ¢ since it includes density and viscosity effects in the viscous wall region.

Section 5.6 provides additional detail that explains why we should expect
the velocity to scale according to Equation (5.3) in a compressible boundary
layer. In general, the compressible law of the wall correlates experimental data
for adiabatic walls reasonably well (Section 5.7). It is less accurate for non-
adiabatic walls, especially for very cold walls (probably because C' varies with
q,, although data are scarce). An analogous variation of temperature with these
parameters can be deduced that is satisfactory for low-speed flows. However,
its use is limited because of sensitivity to pressure gradient, even in low-speed
flows. Bradshaw and Huang (1995) provide additional detail.

As a final observation, note that the difficulty in predicting properties of the
compressible mixing layer is reminiscent of our experience with free shear flows
in Chapters 3 and 4. That is, we find again that the seemingly simple free shear
flow case is more difficult to model than the wall-bounded case.

5.2 Favre Averaging

In addition to velocity and pressure fluctuations, we must also account for den-
sity and temperature fluctuations when the medium is a compressible fluid. If
we use the standard time-averaging procedure introduced in Chapter 2, the mean
conservation equations contain additional terms that have no analogs in the lam-
inar equations. To illustrate this, consider conservation of mass. We write the
instantaneous density p as the sum of mean, p, and fluctuating, p’, parts, i.e.,

p=p+p (5.5)

Expressing the instantaneous velocity in the usual way [Equation (2.4)], substi-
tuting into the continuity equation yields

o, 0 ,_ _
E(P +0') + Gm(pUi +p'Us + pug + p'uj) = 0 (5.6)

After time averaging Equation (5.6), we arrive at the Reynolds-averaged conti-
nuity equation for compressible flow, viz.,
0p 5}
— +
ot oy

(#U: +77a7) =0 5.7)
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But, from the definition of the Favre average given in Equation (5.9), we see
immediately that, as expected, the Favre average of the fluctuating velocity, u7,

vanishes, i.e.,

ol =0 (5.14)

By contrast, the conventional Reynolds average of u! is not zero. To see this,
note that

ul = ui— U (5.15)

Hence, using Equation (5.10) to eliminate u;,

wf = — U — 222 (5.16)

Therefore, performing the conventional Reynolds average, we find

2

. T
W= (5.17)
p

As a final comment, do not lose sight of the fact that while Favre averaging
eliminates density fluctuations from the averaged equations, it does not remove
the effect the density fluctuations have on the turbulence. Consequently, Favre
averaging is a mathematical simplification, not a physical one.

5.3 Favre-Averaged Equations

For motion in a compressible medium, we must solve the equations governing
conservation of mass, momentum and energy. The instantaneous equations are

as follows:

op 0

L~ (pu))=0 5.18

rolay axi(fm) (5.18)
0 0 dp Oty
—(pu; —(puju;) = —— + —— 5.19
ot (pu )+ 0z (puju ) O ¥ Oz ( )

) 1 9 1 ) 04,
=7 >+ Sugug — |puj [ b+ zwiui ) | = m—(ustsj) — 7= (5.20
g o (e )] [ (1 3 = gt - 325 020

where e is specific internal energy and h = e + p/p is specific enthalpy. For
compressible flow, the viscous stress tensor, ¢;;, involves the second viscosity, ¢,
as well as the conventional molecular viscosity, u. Although it is not necessary
for our immediate purposes, we eventually must specify an equation of state. For
gases, we use the perfect-gas law so that pressure, density and temperature are

related by
p = pRT (5.21)
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5.3. FAVRE-AVERAGED EQUATIONS 233

Note that we decompose p, p and g; in terms of conventional mean and fluc-
tuating parts. Substituting Equations (5.28) into Equations (5.18) — (5.21) and
performing the mass-averaging operations, we arrive at what are generally re-
ferred to as the Favre (mass) averaged mean conservation equations.

op 0 ,_.
g DU : i—"’.‘“, — or 9 e 1" //]
5 (pui) + g (pujui) = - 921 + 93, [t]z puju; (5.30)

_ _ "1 o i, 1,77
[ qr, pujh + tjiu; p”jz“i“i:l

0 /- ——
+-8_x; [ul (tij - pu;/u;-'ﬂ (5.31)

P = RT (5.32)

Equations (5.29), (5.30) and (5.32) differ from their laminar counterparts
only by the appearance of the Favre-averaged Reynolds-stress tensor, viz.,
prij = —pufuy (5.33)
As in the incompressible case, the Favre-averaged 7;; is a symmetric tensor.
Equation (5.31), the Favre-averaged mean-energy equation for total energy,
i.e., the sum of internal energy, mean-flow kinetic energy and turbulence kinetic
energy has numerous additional terms, each of which represents an identifiable
physical process or property. Consider first the double correlation between u
and itself that appears in each of the two terms on the left-hand side. This is
the kinetic energy per unit volume of the turbulent fluctuations, so that it makes

sense to define

j

Next, the correlation between v/ and h” is the turbulent transport of heat.
In analogy to the notation selected for the molecular transport of heat, we define

qr, = pujh’ (5.35)

The two terms tj;u} and puf ju;u; on the right-hand side of Equation (5.31)

correspond to molecular diffusion and turbulent transport of turbulence kinetic
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